All natural operators A transforming a linear vector field X on a vector bundle E into a vector field A(X) on the r-jet prolongation J r E of E are given. Similar results are deduced for the r-jet prolongations J r v E and J [r] E in place of J r E.
. The results of [3] and [5] show that the bundles J r Y and J (r,s,q) Y are "poor" with respect to liftings of projectable vector fields. This indicates that there is not much possibility to prolong geometric objects by means of liftings of projectable vector fields.
It seems interesting to solve problems similar to those in [3] and [5] for the r-jet prolongation bundle J r E of a vector bundle E in place of a fibered manifold Y . The bundle J r E plays a similar role to J r Y . It is fundamental in the theory of linear connections, linear differential equations and linear Lagrangians. Therefore the possibility of lifting geometric objects to J r E by means of lifts of linear vector fields is interesting. We prove that this possibility is rather limited.
In the first part of the present paper we study the naturality problem of how a linear vector field X on a vector bundle E can induce a vector field A(X) on the r-jet prolongation J r E of E. This problem is reflected in the concept of VB m,n -natural operators A : T lin|VB m,n T J r lifting a linear vector field X on E to a vector field A(X) on J r E. We prove that for integers m ≥ 2, n ≥ 1 and r ≥ 0 any such operator is a linear combination of the flow operator J r X and the Liouville vector field L on J r E. As corollaries, we derive similar results for J r E * , (J r E) * and (J r E * ) * in place of J r E. In the second part of the paper we study the similar problem for the vertical r-jet prolongation J r v E in place of J r E. We prove that for integers m ≥ 2, n ≥ 1 and r ≥ 1 any VB m,n -natural operator lifting a linear vector field X on E to a vector field on J In the third part we prove that for integers m ≥ 2, n ≥ 1 and r ≥ 1, any VB m,n -natural linear operator A lifting a linear vector field X from a vector bundle E with m-dimensional base and n-dimensional fibers to a vector field A(X) on the [r]-jet prolongation J [r] E of E is a linear combination of the flow operator J [r] and some explicitly constructed natural linear operator U (X). As corollaries we deduce similar results for J [r] 
I. NATURAL OPERATORS LIFTING LINEAR VECTOR FIELDS FROM A VECTOR BUNDLE TO ITS r-JET PROLONGATION
1. The r-jet prolongation functor. Given a VB m -object p : E → M the r-jet prolongation J r E of E is the vector bundle
The functor J r : VB m → VB m is a fiber product preserving vector gauge bundle functor.
From now on we identify
Examples of natural operators
Equivalently, the flow Fl X t of X is formed by VB m,n -maps. The space of linear vector fields on E will be denoted by X lin (E).
A natural operator A :
The VB m,n -invariance means that for any VB m,n -map f : E 1 → E 2 and any f -conjugate linear vector fields X and Y on E 1 and E 2 the vector fields A(X) and A(Y ) are J r f -conjugate. The regularity means that A transforms smoothly parametrized families of linear vector fields into smoothly parametrized families of vector fields.
Example 1 (The flow operator). Let X be a linear vector field on a VB m,n -object p : E → M . The flow Fl 
3. The main result of the first part. The main result in the first part is the following classification theorem. 
A reducibility lemma
Proof. The lemma follows in a standard way from the regularity and invariance of A with respect to VB m,n -morphisms and the fact that any linear vector field X on p : E → M covering a non-vanishing vector field on M is locally VB m,n -conjugate to The proof will occupy Sections 7-10. 
Some preparation
for some c
Proof. Since A is uniquely determined by A, A is uniquely determined by A in view of of Lemma 1.
By the invariance of A with respect to the fiber homotheties we get the homogeneity condition A(τ y) = τ A(y) for any y ∈ J r 0 (R m,n ) and τ = 0. So, A is linear by the homogeneous function theorem.
From the invariance of A with respect to a VB m,n -map f :
with |β| ≤ r and l = 1, . . . , n. We can write ) we obtain the homogeneity condition c 
10. The inductive step. Assume that Lemma 4 is true for r = r 0 . Let r = r 0 + 1.
Step 1: A condition. Let 
(2).
Step
for some real c (independent of α and l), where j r 0 x α is in position l. By the invariance of A with respect to (locally defined) ( Then by (2) , (4) and (5) 
Both sides of (7) are polynomials in τ . Considering the coefficients of (τ
Then using the invariance of A with respect to permutations of fibered coordinates (see (i)) we get (3).
Step 3 for some γ ∈ R.
Step 4: What remains to be proved. It remains to prove that A = γ id J r 0 (R m,n ) , where γ is as in (9). By assumption (ii) on A and by equality (9) we have 
Therefore, by
Step 2 it remains to prove that c = γ, where c is as in (3).
Step 
II. NATURAL OPERATORS LIFTING LINEAR VECTOR FIELDS FROM A VECTOR BUNDLE TO ITS VERTICAL r-JET PROLONGATION

The vertical r-jet prolongation functor. Given a VB
The functor J r v : VB m → VB m is a fiber product preserving vector gauge bundle functor. 
We shall identify (J
r v ) 0 (R m,n ) and × n J r 0 (R m , R) via j r 0 (σ) → (j r 0 σ l ) n l=1 , σ = (σ 1 , . . . , σ n ) : R m → R n = (R m,n ) 0 .
Examples of natural operators T lin|VB
= j r x σ ∈ J r v E, σ : M → E x , x ∈ M . We put V s (X)(y) = (y, j r x (X (s) σ(x))) ∈ {y} × (J r v ) x E = V y J r v E ⊂ T y J r v E, where X (s) = X • . . . • X (s times) and X (s) σ(x) : M → E x is
A reducibility lemma
Lemma 5. Every natural operator
Proof. In the proof of Lemma 1 we replace J 
Some preparation
), where A is as in Lemma 5. Then A is uniquely determined by A. Moreover , A is linear and satisfies the following conditions: 19. The main lemma. By Lemma 7, A is uniquely determined by A. So, Proposition 3 is a consequence of the following lemma.
) be a linear map satisfying conditions (i) and (ii) of Lemma 7. Then there are (uniquely determined for r ≥ 1) numbers γ, α 0 , . . . , α r ∈ R such that 
A reducibility lemma
be a natural (not necessarily linear ) operator. The operator A is uniquely determined by the restriction
Proof. In the proof of Lemma 1 we replace J r by J [r] .
A decomposition lemma
be a natural (not necessarily linear ) operator. Then there exists α ∈ R such that A − αJ [r] is a vertical type operator.
Proof. In the proof of Lemma 2 we replace J r by J [r] .
The natural linear operators T lin|VB m,n
T J [r] of vertical type. By Lemma 10, Theorem 9 is a consequence of the following fact.
be a natural linear operator of vertical type. Then there exists a number γ ∈ R such that A = γU .
The proof will occupy Sections 29-32.
Some preparation
be a natural linear operator of
), where A is as in Lemma 9. Then A is uniquely determined by A. Moreover , A is linear and satisfies the following conditions: Proof. In the proof of Lemma 3 we replace J r by J [r] . In the proof of (ii) we use additionally the fact that A is a linear operator. We will prove the existence of γ by induction on r.
31. The case r = 0. This is a consequence of condition (ii).
The inductive step.
Assume that Lemma 12 for r = r 0 is true. Let r = r 0 + 1.
We modify Steps 1-5 of Section 10 with J Remark 2. We have not been able to prove Theorem 9 for A not necessarily linear because we cannot obtain (2) with J [r] playing the role of J r . This is because we do not know whether U 
Some versions of Theorem 9
Proposition 6. Proof. In the proof of Proposition 2 we replace J r by J [r] . Using Proposition 6 and Theorem 9 we easily obtain the following versions of Theorem 9. 
